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SUMMARY

This is a working paper in which a formulation is given for solving the boundary-layer equations in
general body-fitted curvilinear coordinates while retaining the original Cartesian dependent variables. The
solution procedure does not require that any of the coordinates be orthogonal, and much of the software
developed for many Navier-Stokes schemes can be readily used. A limited number of calculations have
been undertaken to validate the approach.

INTRODUCTION

The boundary-layer approximation is a useful engineering tool which has contributed significantly
to the understanding of viscous flow at high Reynolds number. The boundary-layer equations require the
use of a body conforming coordinate system and the flow Reynolds number must be high. In developing
the usual boundary-layer equations, both the independent variables and the dependent velocity variables
are transformed to the new body conforming coordinates. For body surfaces with little curvature, the
boundary-layer equations cast in terms of the new dependent variables more or less simplify back to a
flat plate or Cartesian-like-form of the equations along a developed surface. However, if the body has
appreciable curvature, the equations become more complicated. They are particularly more complex if a
nonorthogonal coordinate system is used, yet for many applications it is difficult to generate an orthogonal
coordinate system along the body surface.

In this note, a formulation for the boundary-layer equations in terms of the original Cartesian velocity
variables is described for body-fitted general curvilinear coordinates. Although the collaborating compu-
tational experiments that have been undertaken are limited, the proposed alternate form of the governing
equations may offer several advantages in terms of numerical stability by avoiding coordinate sourc. terms.
Moreover, this alternate form of the boundary-layer equations does not require that any of the coordinates
be orthogonal, and software (grids, boundary condition routines, etc.) developed for many Navier-Stokes
schemes can be readily used.

This formulation was partially motivated by discussions with Dr. H. Yoshihara.

BACKGROUND

The compressible boundary-layer equations for the unsteady, three-dimensional flow of a perfect gas
over a flat plate can be written

pt + (pu)z + (pv)y + (pw), =0 (la)

put + putiz + putiy + pwu, = —pg + (fty)y (1b)

1



pwt + puwzg + pvwy + pww, = —p; + (pwy), (10

pH: + puH, + pvH, + pwH,

Pr—1
={%[H,,+ T2 (u2+w2)y]}y+Pt (1d)

where p and p are the density and pressure, u, v, w are Cartesian velocity components, and H is the specific
total enthalpy, H = %2 with e the total energy per unit volume. Here Pr is the effective Prandtl number.

The equations are nondimensionalized and y is a coordinate normal to the body surface. These equations
can be used for bodies of slight surface curvature using z and 2 as distances along the surface with v, w,
and v the corresponding velocities.

If surface curvature effects are taken into account, the boundary-layer equations take on a more com-
plex form primarily because of the addition of coordinate source terms (refs. 1 and 2; Warsi, Z. U. A.;
unpublished notes, 1984). For example, if ¢, 7, and ¢ are defined as shown in figure 1, with 5 normal to
the surface, Panaras (ref. 2) derived the form

(T )+ (T U + (T pV )y + (T o W) = 0 (2a)

pUs + pUUg + pVUy + pWUe + Ka1pU? + KaapUW + Ko3pW? =
Ka4p( - Kaspf + II'Ka.S Un + I-I'Ka9 Wn

+ J0,[ L (U, + KusU + Ky W)] (2b)
gnJ

Wy + pUWe + pV Wiy + pWWe + Ky pU? + KigpUW + Ky pW? =
Kpape — Kpspe + pKpgUy + pKpo Wy

+ JO[ L= (W, + KisU + KyW)] (2¢)
gnJ

(J7le)r + [T e+ DUl + [T e+ )V + [T e+ p) W], =

2 2 H 2
OnlpKe10nU” + pKe2 8(UW) + puKe38,W? + Briy = l)gzzJ(a o] (24d)

where the metrics are given in appendix 1 and U and W are contravariant velocities as defined later. Here
the n-coordinate must be normal to the body surface.

Although there are more terms than previously, this is a fairly clean form of the boundary-layer equa-
tions. From a numerical point of view, however, equation (2) are more difficult to solve than equation (1)
because derivatives of metrics must be formed which are not always smooth and because the extra source
terms can adversely effect numerical stability. For example, any coordinate source term such as K, pU?
in equation (2b) can degrade stability, in this case if K,1 U has a negative value. ‘
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In the following section the steps to bring the Navier-Stokes equations in Cartesian coordinates into
general curvilinear coordinates and velocity components are begun as if to derive equations like equation
(2). Here these steps are only taken to determine how to group the equations. Once the pressure in the
viscous layer is determined from the uncoupled normal-like momentum equation, primitive forms of the
momentum equations are used in place of equations 2b and 2c. The primitive forms with given pressure
and use of a thin-layer approximation are easier to treat numerically than equation (2).

DEVELOPMENT OF CURVILINEAR BOUNDARY-LAYER EQUATIONS

The three-dimensional Navier-Stokes equations in Cartesian coordinates can be written as

(p) + (pu)z + (pv)y + (pw), = 0 (3a)
put + putiy + puty + pWU, + Py = Rymom (3b)
PVt + puvy + puvy + pwu, + Py = Rymom (3c)

pwt + puwy + pvwy + pww; + p, = R,mom (3d)
pH + puHy + pvHy + pwH, — pt = Rener (3e)

where ( Rzmom, Bymom, Rzmom) and Reper Will represent the viscous terms.
Transforming the independent variables z, y, and z to body conforming coordinates €, n, and ¢ gives

(T7' e + (710U + (T2 pV )y + (I pW ) = O (4a)
put + pUug + pVuy + pWue + (€xpg + Mopy + CeD¢) = Ramom (4b)
pve + pUve + pVug + pWg + (§ypg + nypy + $y1¢) = Rymom (4¢)

pwe + pUwe + pVwy + pWwe + (€.0¢ + 1:0q + $eP¢) = Remom (4d)
pHy + puHe + pvHy + pwHe — pt = Rener (4e)
where the U, V, and W represent unscaled contravariant velocities; e.g.,
U=&u+&u+&w (5a)
V =nu+nu+nuw (5b)
W =Cu+ v+ (w (5¢)

and J is the transform Jacobian

I = (Teynze + T¢Yezy + Tyye2e — TeYezy — TyYeze — TeYn2ze) ™

and other metrics are defined at the end of appendix 1. Note that the Cartesian velocity variables u, v,

and w are still retained as dependent variables and that the momentum equations are still the Cartesian
momentum equations.



To obtain equations such as equation 2 using new dependent velocity variables U, V, and W, the
dependent velocity variables can be transformed by taking linear combinations of the Cartesian momentum
equations. Specifically these equations can be multiplied by the matrix € defined as

& & &
C= 7_11 'Zly flz (6)
G G G
where the overbar implies scaling of the metrics such that §, = Ex/A[E2 + 55 +&2, By =

s/ /1% + 12 + 1?2 etc. Multiplying the three momentum equations by C gives

pUs + pUUTg + pV Uy + pWU¢ + s¢ + VE - (Vepe + Vpy + Vipe) = VE - R (7a)

pVe+ pUVe + pV Vy + pWV; + 5, + Vi - (Vépe + Viipy + Vipe) = V- R (7b)

pW + pUWe + pV Wy + pW W + s¢ + VE - (Vépe + Vipy + Vipe) = V¢ - B (7¢)

where R = (R,mo,g, Rymo_!,., Rm_om)t and where V is the gradient operator. Terms like V¢ - V¢p¢ should
be interpreted as (£,{ + £,, + §:C2)pe.

The terms s, sy, and s¢ are coordinate source terms given as
s¢ = — pU(udels + vy + wiEy)
— PV (udy€s + vp€, + wd,E,) (8a)
— pW (udcEs + v8cEy + wiE,)

— pV (ulyfiz + vOyfy, + w0y, T;) (8b)
— pW (ul¢ iz + vO,Tly + wdeT,)

s¢ = — pU(udelz + v0eCy + wieC,)
- pV(ua,,fz + va,,Z,, + wa,,fz) (8¢)
— pW( Ua(z:z + va(Zy + wa(Zz)

The Cartesian velocities in these source terms can be replaced with contravariant velocities using

u Te Ty T¢ U
(v)=[yf Yn yc} (V) (%)
w Ze zy zed \W

where the transformation matrix is simply C~! for C unscaled. Often the source terms are rearranged and
written with Christoffel symbols, but such notation is not needed here.
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In the body conforming coordinates, the wall corresponds to n = const, so V1 is normal to the wall
and the flow tangency condition requires that V = V- = 0 where ¢’ = (u, v, w)!. For a thin viscous
layer near the wall, V will be O(8) (as will the variation of ¢ and ¢ metrics with n, i.e. 9,§,; = 0(§) etc.).
For small V the 7-momentum, equation 7b, simplifies to

Sy + VN - (Vépe + Vpy + Vipe) = V- B

Since R represents viscous stress terms along the wall, the product V7 - B should be zero at the wall and
small away from the wall. Consequently the n-momentum equation furthers simplifies to

sq+ V- (Vépe + Vpy + Vipe) =0 (10)

Given outer-edge conditions for p, this represents a simple wave equation with a source that can be used
to evaluate the pressure through the viscous layer. This equation further simplifies if the n coordinate is

orthogonal to the surface as Vn-VEé = 0 and V- V¢ = 0. Even for nonorthogonal coordinates, the
coefficient V) - Vn is generally so much larger than the other coefficients that the assumption

pp=0 (11)

is often valid over a thin layer near the wall. Thus from equation (11) p is prescribed throughout the
boundary layer to its specified edge value. Therefore, pressure does not depend on the other dependent
variables within the boundary layer if equation (11) is used, while the dependency is weak if equation (10)
is used.

Once the pressure is determined in the boundary layer from the 1 momentum equation, the pres-
sure derivatives in the Cartesian momentum equations, equations 4b-d can be evaluated. With pressure
specified, the inviscid portion of the Cartesian momentum equations using only transformed independent
variables are very easy to solve for u,v, and w. The inviscid equations with specified pressure are just
simple convection equations. Consequently, assuming the thin-layer viscous terms cause no difficulties,
equations 4b-d can be readily solved for u, v, and w in place of the more complex equations 7a and 7c¢ for
U and W. Taking a linear combination of (u, v, w)* with V¢ and V¢ (now ignoring metric scaling), the
transformed velocities U and W are then readily formed as

U=V¢-q

W=v¢.q

At this point the same linear combination of Cartesian momentum equations is used to predict U and W,
but the Cartesian momentum equations rather than the ¢ and { momentum equations are used directly. As
a consequence the complex source terms are avoided.

Up to this point the viscous terms have been mostly ignored in the development. Their complexity
remains to be checked, as well as whether they tend to couple the equations together.

To examine the viscous terms, it is illustrative to first consider incompressible flow. For incompress-
ible flow in which the coefficient of viscosity is constant the viscous terms are given as

Ramom = pV?u (120)
Rymom = pV2v (12b)
Rzmom = uV?‘w (12¢)
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Clearly these terms do not couple the momentum equations together. Now the Laplacian operator trans-
forms (in divergence form) as

V2 = T[T (VE - VE) B + 81 (VE - V) By + 8T (VE - V() Be
+ O, J (Vi - VE) O + 8T~ (V- V) B, + 8,7~ (V- V() 8, (13)
+ 8 TTH(VE - V) B + BT TH(VE - V) By + 8T (V- V¢) B

The extra cross derivative terms caused by coordinate transformation have been encountered in potential
and Navier-Stokes codes and can be differenced so as not to cause numerical instabilities. However, equa-
tion (13) can be further simplified by making a thin-layer approximation in which case these terms can be
eliminated altogether. Dropping all derivatives with respect to ¢ and ¢, the Laplacian is reduced to

V2 = J[8,J "1 (V- V) d,] (14)

which is particularly simple. Thus for an incompressible viscous term and specified pressure, the momen-
tum equations (4b-d) are uncoupled and are readily solved for u, v, and w.

If the Cartesian form of the compressible viscous terms undergoes independent variable transforma-
tion, (z,y, 2) to (§,1,¢), and if they are subject to a thin-layer approximation, they simplify to

Remom = JOqLT ™! (umyuy + (4/3) m2 )] (15a)
Rymom = J0g[ J 7' (pm1vg + (n/3)mamy)] (15b)
Romom = JO LT (pmiwy + (u/3)man,)] (15¢)
Rener = JOn{J ™ [pmims + (u/3)ma(neu + nyv + n,w)1} (15d)

where my = n2+n2 +02, ma = nyuy+1yvy+ N, wy, and ma = [(u? +v? +w? Inl/2+ Pr1(y—1)"1(a?),.
and J is again the transformation Jacobian, Here the viscous terms were first put into divergence form, and
then simplified. As a result they are identical to the viscous terms used in many thin-layer Navier-Stokes
codes. This can cause some error for bodies with high curvature as metric terms are also being discarded.
Making the thin-layer approximation on the nonconservative form of the viscous terms eliminates this
problem. This form is given in appendix 2.

The compressible viscous terms are coupled through the m, term, but the coupling appears to be
weak and has been treated explicitly in many numerical schemes without degradation of the time step or
iterative convergence. Moreover, because the coupling occurs in only one direction, 7, it would not be too
costly to account for it in a fully implicit manner.

CURVILINEAR BOUNDARY-LAYER EQUATIONS

In summary, a form of the boundary-layer equations for general curvilinear coordinates is given by
(with n chosen away from the surface):



Normal Momentum

¢ and { Momentum

pp=0 (11)

put + pUte + pViun + pWue + (§aDg + Napn + Cape) = JOp{T Humiug + (u/3)manz]}  (4b)

pvr + pUve + pVug + pWe + (&g + nypy + (ype) = T8, {T N pmyvy + (u/3)man,]} (40

pwe + pUwe + pVwy + pWwe + (€pe + M:Pq + (o) = TO{T N pmiwy + (u/3)man.]}  (4d)

where two linear combinations of u, v, and w are used

Energy

U=V¢.-q
W=V(¢.-q

pHi + puH; + pvHy + pwHe —py = Jan{J_l[umlmg; + (p/3)ma(nzu+nyu+nw)l}  (4e)

where

Constitutive

where

Continuity

— a2 2 2
m = 773; + 77,, + "72
m2 = NzUy + Ny, + N Wy

ms = [(u? + v® + w?),1/2+ Prl(y— 1)~ (a?),

P PToo '
Lo 16
Poo  T'Poo (162)
-1 2 2 2
T£=('702 )[H_(u +v2+'w)] (16b)
(T2 + (I U + (T oV + (T o) = 0 (4a)
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The six equations, normal momentum (eq. 11), two linear combinations of (eq. 4b), (4¢c), and (4d)
to form U and W, energy (eq. 4e), state (eq. 16a), and continuity (4a), can be used to determine the six
variables p, U, W, H, p, and V. The Cartesian velocity components are then obtained from

u Te Ty I¢ U
(v) = [yg Yn yg] Vv (9)
w 2 zq 2 w :
Generally p is determined from
Py =0 (11)

and an outer-edge boundary condition so that p = Pedge alOng 7 coordinates. In more general cases pressure
can be determined from

8+ V- (VEpe + Vinp, + V(p¢) = 0 (10)

using the same outer-edge condition with the source term defined as

8y = — pU(u0¢hz + vO¢ Ty + wiT,)
— PV (ulyfiz + vO, 7y + wdy7,) (8d)
— pW (¢l + v0¢ Ty + wOH,)

In this case pressure will vary throughout the boundary layer.

For ¢ (instead of 1) away from the surface, linear combinations of I and V are used, pc = 0, m; =
G+ 2+ 2 ma = Cue + yue + Gwe, ms = [(u? + v + w?)]/2+ Pr=1 (¢4 —1)~1(a2),, and viscous
derivatives are taken with respect to ¢.

NUMERICAL TESTING

This formulation has been tested in steady state applications using the time-like boundary-layer
scheme reported by Van Dalsem and Steger in (ref. 3). For a prescribed edge pressure, the equations
are solved in the following way with p, = 0. Using central differencing in n and upwind differencing in
¢ and ¢, equations (4b) to (4e) are useg to update u, v, and w, and H. As pressure was already obtained
using one linear combination of the momentum equations, only two linear combinations of the momentum
equations can be used to determine the velocities. Thus, U and W are formed from the momentum updated
u, v, and w. The equation of state, (16a), is used to update p, with T" defined from equation (16b). The
third linear combination of u, v, and w is obtained by solving continuity for V using already updated U,
W, and p. The final updated form of the Cartesian velocity components are then obtained from updated
U,V, and W using equation (9).

Two test cases were used to verify the algorithm. The first case, flow over a flat plate, was simply
used to verify that the algorithm was coded correctly. To bring in three-dimensional effects and to verify
some of the metric terms, the computational grid was rotated on the flat plate as sketched in figure 2. In this
simple test, a compressible Blasius solution was specified at all boundaries. Figure 3 shows the Blasius
result and a typical computed profile (with Pr = 1) taken from the center of the 20 x 10 x 30 grid for a
grid that was not rotated. Significant relative error is detected for the vertical velocity, but the overall error

is small. Figure 4 shows Cartesian velocity profiles for a similar calculation but with the grid rotated by
30°.



A more interesting test case was provided by using the boundary-layer algorithm to verify a computed
thin-layer Navier-Stokes result on a prolate spheroid (ref. 4). In this case the Navier-Stokes result was first
obtained for the body at 10° angle of attack, Mo = 0.17, and Re = 7.7 x 10° based on the body length.
In the experiment (ref. 5) the boundary layer was tripped at the /L = 20% station. In the calculation
the trip was somewhat taken into account by using laminar values of the viscosity coefficient over the first
20% portion of the body and using a eddy viscosity turbulence model from that point on. Having obtained
the Navier-Stokes result, the new boundary-layer code was also run on a portion of the Navier-Stokes grid
fromz/L = 5% toz/L = 80%. Starting boundary-layer profiles and edge conditions were taken from the
Navier-Stokes calculation, the “edge" corresponding to the 25 th grid point up from the wall of the Navier-
Stokes grid (about 0.003 body lengths). Various profiles from this calculation are shown in figures 5 and 6
atz/L =0.48 andz/l = 0.64. Also shown in figure 7 are boundary-layer-computed wall-turning angles,
Navier-Stokes-computed wall-turning angles, and experimental data (ref. 5). Although discrepancies are
evident, the overall agreement is very good on the windward portion of the body and is more than adequate
to verify the boundary-layer equations and algorithm.

CONCLUDING REMARKS

A formulation has been given for the boundary-layer equations using general body-fitted curvilinear
coordinates and retaining the original Cartesian dependent variables so that coordinate source terms are
avoided. The formulation does not require that any of the coordinates be orthogonal and gridding and
software developed for many Navier-Stokes schemes can be readily used.

The curvilinear boundary-layer equations given previously have obvious similarity to the thin layer
Navier-Stokes equations. However, in this boundary layer formulation, while three momentum equations
are solved for three Cartesian velocity components, only two linear combinations of velocity variables are
actually taken from momentum. A third linear combination of the momentum equations is used to provide
the simplified 7-momentum equation with a prescribed edge pressure. Pressure throughout the boundary
layer thus is specified and uncoupled (or weakly coupled if eq. (10) is used over eq. (11)) from the
other dependent variables within the boundary layer. This then allows the use of boundary-layer solution
algorithms.
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APPENDIX 1

METRICS

The metric relations needed for the Panaras curvilinear boundary layer equations are given as:

391i 0913 dgn
_ 1 13 _ 13
K, =0.5g —_BE +g —BE 0.5¢g _3(

11 991 + 13 0933

K = 0.5913 0g33 + o1 0913 _ O.Sg“ 0933

a¢c 9 ¢ ¢
Ko = 922913
KaS - 3223933
g
: dgn 13 0913
Ku=05¢1 22 4 05322
6 9 on 9 on
| dgn 0g33
Ko =051 + 05413222
7 9 n g an
Ka8 = 922 Ka6

Ka9 = 922 Ka7

Ky =057 dgn +g® dg13 0.5,% Og11

o€ o€ o¢
dg11 0933
- 139911 33 0933
Kp=g ac + TS
0933 0913 9933
= 05433998 130913 5130933
K3 S5¢9 ac +g o 0.5¢g Y.
Ky = 922913
g
Kis = 911922
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and

Kis = 0593201 1 g 54901

on on
dg13 0933
Ky =0.5¢8 =222 40598322
708 o 9 om
Kis = ¢ Kus
Kw = ¢*? Ky
gu
Kg =24
el 2922
K. = 933
g22
933
Ke -
*T 2gn

gn = TeTe + YeYe + 2e2¢
922 = TyTy + YpYn + 292y
933 = TET¢+ Yy + 2¢x¢
g12 = TgTy + YeyUn + 2¢2y
013 = ZTex¢ + yeye + 2e2¢

923 = TnZ¢ + Yny¢ + 2n2¢

9" = (922933 — g23923) [g
9% = (gngss — g13913) /g
9 = (gngu — g12912) /9
9" = (923931 — 9n933) /9
9" = (921932 — 922913) /9
9% = (g21913 — gugn)/g

g=(DN!

The metrics used throughout the paper are defined as
€ = J(yn2¢ — Y¢2q)
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& = J(z¢2 — Ty2)
€ = J(zqye — T¢Yn)
e = J(yeze — ye2¢)
My = J(gz¢ — T 2¢)
Nz = J(Zeye — Teye)
Co = J(yezn — Yn2e)
Gy = J(ZTnze — Te2y)
G = J(Teyy — Tque)
with

J = (Zeynz¢ + TeYezy + Tylcze — TeYezn — TnYeze — T¢Yn2e)
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APPENDIX 2

THIN-LAYER VISCOUS TERMS

Let the Cartesian form of the compressible viscous terms undergo independent variable transforma-
tion, (z,y, 2) to (§,7n,¢) in chain rule conservative form. If they are subject to a thin layer approximation
with ¢ taken as the direction away from the body, they simplify to

Rimom =
CzOcl p(Cztug + Cauug) + A(Gguig + e + (;we) ]
+Cy O [p(Syug + Czve)]
+<za([ﬂ'(<zu( + Czwe) ]

Rymom =

CuO¢ [ u(Cyu¢ + C2v¢)]
+CyOc[ u(Cyvg + Cyue) + (Caug + yve + Cawe)]
+Cza([#(4zv( + (yw()]

(za([ll'(czu( + Cz'w()]
+(yOc [ p( Lo + ywe) ]
+§zac[ll'(€z'w( + Cz'w() + X((xu( + (y'"( + Cz'w()]

Rz mom

Rener =
CeOcLRPr (4 — 1) e a?)¢ + ud(Louie + v + Cowe)
+up(Czug + Cotie) + vpu(Cyue + Covg) + wp(ue + Cawe) ]
+¢y 8 [R P~ (o — 1) 71 (a?)¢ + vA(Caug + Gyue + Cowe)
+up(Cyue + Ceve) + vu(Cyve + (yue) + wp(ve + Cwe) ]
+C0c[APr1 (o = 1)1, (0% )e + wA(Catie + Gyve + Cwe)
+up(Cue + Cawe) + vp(Cue + (we) + wu(Cwe + Cwe) ]

whgre A = —(2/3)p. Simply replace ¢ with 5 if 7 is to be used as the direction away from the body
surface.
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Figure 3.- Computed velocity profiles for 4 and v taken at the center of a small grid compared with the
Blasius solution; no rotation and Pr = 1.
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Figure 4.- Computed velocity profiles for u, v, and w taken at the center of a small grid compared with the
Blasius solution; grid rotated by 30° and Pr = 1.
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Figure 5.- Tranformed and physical plane computed boundary-layer velocity profiles compared to com-
puted thin-layer Navier-Stokes profiles for a 10 °-angle-of-attack prolate spheroid at station 2 /L =0.48
and circumferential locations of a) ¢ = 0°, b) ¢ = 60°.

19



A

oL

"(premady) 081 = ¢ (P pue “, 07 = ¢ (0 "papnouo) -*¢ My
LNINOdWOI ALIDOTIA N

g 9 v

SINO0LS-HIIAVN
H3IAVT "ANNO4

m]

ol

(P

0

wuw ‘31 YNIGH009 TVINHON

(174

oL

0
7 '31VYNIQHOO0D AIyd9 TYINHON

ININOdWOI ALIDOTIA N (o
2l oL § ¢ vz 0
T 0 0000,

..,mﬂ
lﬂ -
45
2
2 o
- oy}
o E:
K w
Q {ou ®
: o]
ﬂ_ o
1 X

| S

o a1 £

! —

! m

! 7T 3

gl 3

' Joz

]

| -

RISINOLS-HIAIAYN —=———-

H3AV1 "ANNOg O gz
r —1
S
2
(@)
2
oL >
2
o
2
GL ©
(@)
o
o)
s )
oz ©
2
>
-
.m
GZ -
- og




Ic

. 209 = ¢ (q ‘.0 = ¢ (2 JO SUONIBOO] [BNUAIJWNIIID PUL
¥9° 0 = 7/% uonwess Je proxoyds srejoxd yoene-jo-ofue-, 01 © 10§ sojyord soyoig-191ARN Ioke[-uny pand
-wo 0} paredwod sueld [eorsAyd pue paurtojuen 10§ sajyord £1100[9A 19£e-A1epunoq payndwo)) -*g aInsrg

LNINOJWOI ALIDOTIA N (q LNINOJIWOD ALIDOTIA N (e
ZL oL 8§ 9 ¥ vz 0 ZL 0L 8 9 v z 0
I T I I
5 o le
Z 2
S o o
s 0 <
> . >
ol o Q qjo T
(@) ! o
o o
X i X
g | .
g : dq1 2
52 3 2
m “ m
3 ) u 3
3 ﬂ 3
0z , -0¢
“
[] p
o]
Y4 | 6z
f .lﬁ_ r
G
g =
2
g
2
oL > oL 2
r 0
o Y
- O
gL ¢ 9l o
A o
o o
: :
(VA 0z 5
: >
> m
mN,__H TALN
SINOLS-HIINYN —————= Jos SINOLS-HIAYN ——— ——— - o0g
H3IAV1 ‘ANNOY o _ H3AV1 ‘ANNOY o -



O  BOUND. LAYER
~~——-— NAVIER-STOKES [

30[-

BOUND. LAYER

o
~===~==NAVIER-STOKES []

7 °31LVNIQHO0D-AI49 TVINHON

30 |

1 '31VNIGHO0I di4D TVYINHON

20 |

ww ‘I 1 YNIQH00D TVINHON

| | 1 ! 1 1

1.2

1.0

U VELOCITY COMPONENT

1.0 1.2
d)

.8

251

!
(=]
N

= 2 2
ww ‘31 YNIQ400I TVINHON

U VELOCITY COMPONENT

c)

180° (leeward).

Figure 6.- Concluded. ¢) ¢ = 120°,and d) ¢

22



2251 O WTDATA
200k 0 st ————— NS CALC.

17.5
15.0
125
10.0

75F 1 \
5ol A ‘3\

25 ')ﬁ ‘ Q
oc- 1 1 1 1 1 1 L B {fp

B~
Efx\
|}“\\
Jg
-1

v, SHEAR STRESS ANGLE

22.5
20.0

175}

15.0 | ,lj'lﬁ mtl

125 | jol o]

wol P o]

sf R

5.0 ,Ej El@
2.5 ia No

/ . g
[.EL i ] 1 1 1 ] ] I\.EIEI
0 200 40 60 80 100 120 140 160 180
CIRCUMFERENTIAL ANGLE, ¢
a) (X/L = 0.48)

1
a

BL CALC.
—————— NS CALC.

L

v, SHEAR STRESS ANGLE

Figure 7.- Wall-turning angles versus circumferential angle ¢ for the boundary-layer and thin-layer Navier-
Stokes computations compared with experiment for a 10 °-angle-of-attack prolate spheroid at axial stations
a)z/L =0.48.

23



257 O  WTDATA
----- - NS CALC.
w 20}
3 ,@ﬁmn oy
E 15 ,G n
%) o‘ﬁl tk
2 10}h A
I&J 10 ,ﬂ q‘
b gl A b
o \
N e e
5 Q0
>~ -5 HUB
-10 1 1 1 A 1 1 1 1 1
20
i n'“'n. O  BLCALC.
W 4 [ ————— NS CALC.
- 15 A o
O
z A 5
\
jof -
2 ko
::, 5 lpj \\B
E! )j \‘\
I \ O
w 0 \
8 ‘? . EIEJEF
-5 ! 1 ! 1 1 1 L3
0 40 80 120 160

b)

CIRCUMFERENTIAL ANGLE, ¢
(X/L = 0.65)

Figure 7.- Concluded. b) z/L = 0.65.

24



National Aeronautics and
Space Administration

Report Documentation Page

1. Report No.
NASA TM-100079

2. Government Accession No. 3.

Recipient’s Catalog No.

4. Title and Subtitle

A Formulation for the Boundary-Layer Equations
in General Coordinates

5. Report Date

June 1988

6. Performing Organization Code

7. Author(s)

Joseph L. Steger, William R. Van Dalsem,
Argyris G. Panaras, and K. V. Rao ”

8. Performing Organization Report No.

A-88114

10. Work Unit No.

9. Performing Organization Name and Address

Ames Research Center
Moffett Field, CA 94035

505-60

11. Contract or Grant No.

13. Type of Report and Period Covered

12. Sponsoring Agency Name and Address

National Aeronautics and Space Administration
Washington, DC 20546-0001

Technical Memorandum

14. Sponsoring Agency Code

15. Supplementary Notes

Point of Contact:
(415)694-6459 or FTS 464-6459

Joseph Steger, Ames Research Center, MS 258-1, Moffett Field, CA 94035

16. Abstract

been undertaken to validate the approach.

This is a working paper in which a formulation is given for solving the boundary-layer equations in
general body-fitted curvilinear coordinates while retaining the original Cartesian dependent variables. The
solution procedure does not require that any of the coordinates be orthogonal, and much of the software
developed for many Navier-Stokes schemes can be readily used. A limited number of calculations have

17. Key Words (Suggested by Author(s))

Boundary layer
Computational fluid dynamics
Viscous flow

18. Distribution Statement

Unlimited-Unclassified

Subject Category: 02

19. Security Classif. (of this report)

Unclassified Unclassified

20. Security Classif. (of this page)

22. Price
AQ2

21. No. of pages
25

NASA FORM 1626 OCT 86

For sale by the National Technical Information Service, Springfield, Virginia 22161







